Combined Loading of Composite Box-Beams with Linearized Differential Equations of Motion by DuPuis, Michael Alan
Theses - Daytona Beach Dissertations and Theses 
12-2000 
Combined Loading of Composite Box-Beams with Linearized 
Differential Equations of Motion 
Michael Alan DuPuis 
Embry-Riddle Aeronautical University - Daytona Beach 
Follow this and additional works at: https://commons.erau.edu/db-theses 
 Part of the Aerospace Engineering Commons 
Scholarly Commons Citation 
DuPuis, Michael Alan, "Combined Loading of Composite Box-Beams with Linearized Differential Equations 
of Motion" (2000). Theses - Daytona Beach. 293. 
https://commons.erau.edu/db-theses/293 
This thesis is brought to you for free and open access by Embry-Riddle Aeronautical University – Daytona Beach at 
ERAU Scholarly Commons. It has been accepted for inclusion in the Theses - Daytona Beach collection by an 
authorized administrator of ERAU Scholarly Commons. For more information, please contact commons@erau.edu. 
COMBINED LOADING OF COMPOSITE BOX-BEAMS WITH 
LINEARIZED DIFFERENTIAL EQUATIONS OF MOTION 
by 
Michael Alan DuPuis 
A Thesis Submitted to the School of Graduate Studies 
In Partial Fulfillment of the Requirements for the Degree of 
Master of Science in Aerospace Engineering 
Embry-Riddle University 
Daytona Beach, Florida 
December 2000 
UMI Number: EP31922 
INFORMATION TO USERS 
The quality of this reproduction is dependent upon the quality of the copy 
submitted. Broken or indistinct print, colored or poor quality illustrations 
and photographs, print bleed-through, substandard margins, and improper 
alignment can adversely affect reproduction. 
In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if unauthorized 
copyright material had to be removed, a note will indicate the deletion. 
® UMI 
UMI Microform EP31922 
Copyright 2011 by ProQuest LLC 
All rights reserved. This microform edition is protected against 
unauthorized copying under Title 17, United States Code. 
ProQuest LLC 
789 East Eisenhower Parkway 
P.O. Box 1346 
Ann Arbor, Ml 48106-1346 
Copyright by Michael Alan DuPuis 
All Rights Reserved 
2 
COMBINED LOADING OF COMPOSITE BOX-BEAMS WITH LINEARIZED 
DIFFERENTIAL EQUATIONS OF MOTION 
by 
Michael Alan DuPuis 
This thesis was prepared under the direction of the candidates committee chairman, Dr. 
Habib Eslami, Department of Aerospace Engineering, and has been approved by the 
members of his thesis committee. It was submitted to the School of Graduate Studies and 
was accepted in partial fulfillment of the requirements for the degree of Master of 
Science in Aerospace Engineering. 
THESIS COMMITTEE: 
Dr. Habib Estemi 
Chairman 
Dr. Eric Hill 
Member 
Dr. Frank Rado^fa" 
Member 
Department Chair, Aerospace Engineering 
Dean, School of Graduate Studies Date 
Wv\ Z& lxx>\ 
Acknowledgements 
First and foremost I would like to thank my wife Karen, without whose 
understanding and support none of this work could have been possible. I would also like 
to extend my gratitude and appreciation Dr. Habib Eslami for his guidance and wisdom, 
as well as Dr's. Eric Hill, Frank Radosta, and John Watret for their assistance and advice. 
I would like to thank graduate students Chris Jacobs, Ed Fatzinger, and Georg Contag for 
all their help and support, and Seon-Jae Lee, without whose programming skills the 
stiffness matrix may never have been solved. Finally I would like to extend my deepest 
gratitude and appreciation to all of my family, without whose love and support.. .1 can not 
imagine. 
4 
Abstract 
Author: Michael Alan DuPuis 
Title: Combined Loading of Composite Box-Beams with Linearized 
Differential Equations of Motion 
Institution: Embry-Riddle Aeronautical University 
Degree: Master of Science in Aerospace Engineering 
Year: 2000 
The purpose of the following analysis is to develop a method for determining 
vertical, horizontal, and torsional displacements of an arbitrarily laminated, cantilevered 
composite box-beam under static, transverse loading. Small deflections are assumed and 
the differential equations of motion have been linearized for ease of calculation. The 
Smith and Chopra stiffness matrix is used in the equations of motion, and software was 
written to solve for the stiffness matrix elements. Comparisons are made with bending 
slope solutions from previously published results, and the presented analysis is compared 
to empirical results of a composite box-beam under tip loading. Finally, an example 
solution for vertical, horizontal, and torsional displacements is presented for 
aerodynamic-type loading. 
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Chapter 1 INTRODUCTION 
Composite structures are widely used in the aerospace industry to take advantage 
of their unique properties. They have for decades been used to take advantage of their 
lamina properties, lending themselves well to thin complex shapes such as skins and 
fairings. 
Composites typically have high strength to weight ratios in tension. For many 
years, such structures have been used on vehicles in place of metals to reduce their 
overall mass. Indeed, many structural components comprised of composite materials 
such as carbon fiber/epoxy or Kevlar®/epoxy are stronger per unit mass in tension than 
the metallic structures they replace. Unfortunately, the strength of composite materials, 
especially fibrous composites, is drastically reduced when placed under compressive 
loading. 
In addition to their high strength and low weight, composite structures can be 
designed to take advantage of coupling effects under loading. These effects, when 
accurately described by differential equations of motion, can be used to optimize a 
structure under known loading conditions. Some examples of this kind of optimization 
are aero-elastic tailoring and vibration suppression. 
The purpose of the following analysis is to develop equations that predict the 
behavior of cantilevered composite box-beams under the principle loads incurred, for 
example, by aircraft wings: lift and drag. Such a structure could then be used as the 
primary load-bearing structure in an aircraft wing, the front and rear panels replacing 
spars, and the top and bottom panels providing rigidity against thrust and drag forces. 
10 
Once fabricated, appropriate airfoil sections could be added to the box-beam, completing 
the basic structure of the wing. 
In the following analysis, the equilibrium equations presented in Reference [3] are 
combined with the stiffness matrix elements of Reference [2]. These equations are then 
linearized to perform the desired analysis for wing-type loading. A MATLAB® program 
is developed to solve for the necessary constants, and the equilibrium equations are 
subsequently solved under lift (vertical) and drag-type (horizontal) loading. Verification 
of the program's accuracy and the validity of the governing equations are established by 
comparing results with previously published material and through experimentation. 
Finally, an example of combined loading (lift and drag forces simultaneously) is 
presented for the purpose of illustration. 
1.1 Nomenclature 
c,d 
f 
s 
t 
i9j\k 
u,v,w 
x,y,z 
Mx 
My 
= outer beam cross section dimensions 
= transverse in-plane strain function term 
= contour coordinate 
= ply thickness 
= unit vectors in x, y, and z-directions, respectively 
= elastic displacements in x, y, z directions, respectively 
= undeformed beam coordinates 
= twisting moment about x-axis 
= bending moment about y-axis 
11 
Mz = bending moment about z-axis 
U,V,W= total deformations in x, y, z directions, respectively 
Px Py Pz= inertial or applied distributed loads 
qx,qy,qz = inertial or applied moments 
Vx = axial force in x-direction 
Vy,Vz = shear force in y and z-directions, respectively 
£xz,£xy = cross section shear strains 
( ) , x = d ( ) / d x 
a = non-dimensional warping parameter 
P = non-dimensional warping parameter 
8 = warping parameter function 
<f> = elastic twist of cross section 
s = strain component is beam wall 
y = transverse shear strain in cross-section 
r\ = horizontal cross section coordinate 
0 = ply orientation angle 
a = stress component in beam wall 
u = Poisson's ratio of composite ply 
£ = vertical cross section coordinate 
A = laminate in-plate stiffness matrix 
E = elastic modulus 
F = load vector 
1 =moment of inertia 
K = beam stiffness matrix 
12 
L 
P 
Q 
T 
K„ 
K12 
K!3 
K22 
K33 
K44 
K45 
K46 
K55 
K66 
= beam length 
= point load 
= ply stiffness matrix 
= net torque on cross-section 
= axial stiffness 
= extension-chordwise shear coupling stiffness 
= extension-spanwise shear coupling stiffness 
= chordwise shear stiffness 
= spanwise shear stiffness 
= torsional stiffness 
= spanwise bending-torsion coupling stiffness 
= chordwise bending-torsion coupling stiffness 
= spanwise bending stiffness 
= chordwise bending stiffness 
1.2 Literature Survey 
The governing differential equations of motion are presented in Hodges and 
Do well [3] and Houbolt and Brooks [6] including elastic bending and torsion of twisted 
non-uniform rotocraft blades. These blades employ composite box beams as primary 
load-bearing structures. Bicos and Springer [7] described a composite box-beam using a 
built-up method where composite laminates are connected with stringers to form the box-
beam. Beam deflections are determined using Castigliano's theorem and buckling loads 
are found using the Principle of Total Potential Energy. 
n 
Hong and Chopra, [8] and [9] demonstrated the importance of controlling 
structural couplings through ply orientation and stacking sequence. In these works, the 
effects of cross-sectional warping was assumed to depend only on the geometry of the 
cross-section. However, effects of transverse shear were not included in their analysis. 
Smith and Chopra [2] improved on the previous model by including the effects of 
transverse shear. In addition, in-plane shear was incorporated in the warping function. 
Rehfield et al. [10] analyzed the effects of elastic bending-shear coupling and 
restrained torsional warping of beams with closed cross-sections. It was found that up to 
100% error may be introduced to lateral deflections if the coupling is ignored. 
The dynamic behavior of non-rotating composite beams was investigated by 
Hodges et al. [11], who presented two methods for determining natural frequencies and 
mode shapes; an exact integration method and a detailed finite element model. Special 
attention was given to the study of natural frequencies on thin-walled beams of circular 
cross-section. 
Chandra and Chopra [1] employed the differential equations presented in [3] and 
[6] to investigate the vibrational characteristics of rotating composite box-beams. This 
method was thoroughly validated by experiment in an "in vacuo" rotor test facility. It is 
a variation on this method that has been chosen for the combined loading analysis 
presented here. 
McCarthy and Chattopadhyay [12] presented an optimization technique for 
rotocraft blades using composite box-beams as primary structural members. This 
optimization technique examines the sensitivity of the variables on the optimum design, 
and the Kreisselmeier-Steinhauser function approach was used for multiple design 
objectives. 
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Song and Librescu [13], Greenman and Hodges [14], Armanios and Badir [15], 
and Dancila and Armanios [16] examined the dynamics of time-dependent excitations on 
thin walled beams, including free-vibrational analysis. Loughlan and Ata [17] addressed 
constrained torsional displacements in composite box-beams without structural 
couplings. Results were extensively compared with finite element modeling and 
exhibited close agreement. 
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Chapter 2. FORMULATION OF THE PROBLEM 
2.1 Derivation of the Governing Equations 
In order to obtain the governing equations, a system of coordinates is established 
as in Reference [2]. 
-W 
2-D Cross Section / 
Beam Axis j 
Figure 1. Establishment of Coordinates 
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Following the analysis presented in Reference [3], the forces and moments acting 
on a differential element, expressed as components relative to the undeformed axis are as 
shown in Figure 2. 
Mx^4 
Mz + <fex 3x My + ^ a x 
aX 
• • M x + ^ a x 
Figure 2. Forces and Moments acting on a Differential Element 
Then summing the moments in the x, y, and z directions and imposing static equilibrium 
yields 
dMx Tr dv rr dw 
- + V7 VY— + qx = 0 
OX ox ox 
dMY dw A 
ox ox 
dMz dv 
ox ox 
(1) 
(2) 
(3) 
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Similarly, summing forces in the x, y, and z directions, assuming static 
equilibrium gives 
dVv 
dx 
dVY 
dx 
evz 
-t- r
 v - VJ 
+ Py=0 
+ PZ=0 
dx 
(4) 
(5) 
(6) 
The analysis in Reference [1] develops equations for flap, lag, and torsional 
dV7 displacements as follows. Differentiating Equations (2) and (3) and solving for —— and 
dx 
dVy yields 
dV7 d2Mv 
dx dx2 - + -dx 
dw^]
 i dqY 
vx — \+ dx J dx (7) 
8Vy 
dx 
d2Mz 
dx2 dx dx, dx (8) 
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Substituting (7) and (8) into (6), (5), and (1) gives the flap, lag, and torsional relations: 
Flap 
d2MY d / 
-+-dx dx dx J dx 
(9) 
Lag 
d2Mz d (.. dw\ dq 
dx2 dx 
Torsion 
Vy \+-^--PV=0 dx) dx (10) 
dMy dv(dMY } 
dx dx v dx j + -
dw (dM? 
—— + > 
dx \ dx 
+ qx=0 (11) 
z 
A 
A 
Torsion 
Figure 3. Flap, Lag, and Torsional Directions 
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In the case of a cantilevered aircraft wing it can be assumed that no external 
moments are applied around the y and z-axes. Therefore, setting qy and q7 equal to zero 
results in the following flap, lag, and torsion equations: 
Flap 
d2M 
-JL+±(Vx*!L 
dx' dxy ' dx 
Pz=0 
Lag 
d2Mz d 
dx2 dx 
Torsion 
dw 
dx 
PY=0 
dM
 Y dv 
— +— 
dx dx 
(dMy) dwfdM 
dx dx dx 
+ qx=0 
(12) 
(13) 
(14) 
From this point forward, only box-beams of symmetric orientation are considered 
in the present analysis. However, both symmetric and anti-symmetric box-beams are 
examined when comparisons are made with previously published results The important 
distinction between symmetric and anti-symmetric box-beams is that symmetrically 
laminated box-beams exhibit bending-torsion and extension-shear coupling while anti-
symmetrically laminated box-beams exhibit extension-torsion and bending-shear 
coupling. The geometries of symmetric and anti-symmetric box-beams are illustrated in 
Figure 4. 
Symmetric Layup Beam 
Anti-Symmetric Layup Beam 
Figure 4. Symmetric and Anti-Symmetric Lay-ups 
For the analysis of composite box-beams, the structural model of Reference [2] is 
used. This model incorporates variations in ply geometry and coupling effects between 
layers and walls. A summary of the analysis which formulates the Ky stiffness matrix is 
presented in Section 2.2 with results given in Appendix A. From Reference [2], the 
force-displacement relations for a symmetrically laminated composite box-beam are 
Mx 
My 
M, 
^ 4 4 ^ 4 5 ^ 4 6 
K45K55 0 
Ku 0 K66 
i w,xx ^xz,x 
^
 V
,XX £XY,X 
(15a) 
Vv 
z J 
Ku Kn Kn 
Kn K22 0 
Ku 0 K33 
\x 
'XY 
'XZ J 
(15b) 
where ^O~Y\) 
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Substituting equations (15a) and (15b) into (12), (13) and (14) and neglecting all 
higher ordered terms yields the following linearized governing equations: 
Flap 
J^f^g-^-O (16) 
dx dx 
Lag 
KU£+KM-P,-0 (17) 
dx dx 
Torsion 
K44 T T + ^45 ^T~K46 TT-4X =0 ( 1 8 ) 
dx dx dx 
Equations (16), (17), and (18) comprise the basic equations for determining the 
deflection of the box-beam under transverse loading. Inspection of Equations (16) and 
(17) shows that under transverse loading, the beam will experience not only a vertical and 
horizontal displacement, but may experience a torsional displacement as well. This 
torsional displacement depends on the value of K45 and K46 which are bending-torsion 
coupling stiffnesses. As demonstrated later, in cases where ply angles of orientation are 0 
or 90 degrees, K45 and K46 vanish. All other orientations of ply angles yield a non-zero 
value for K45 and K46. Non-zero values of K45 and K46 not only cause bending-
torsional coupling, but any torsional displacement may result in vertical and horizontal 
displacements as demonstrated by Equation (18). 
At this point it should be noted that Equations (16-18) are valid only in the realm 
of small deflections. This is due to the elimination of non-linear terms and the use of 
force and moment vectors expressed as components relative to the undeformed axes. 
Therefore, Equations (16-18) are reasonable approximations for wing-type loading, as 
aerodynamic and structural constraints for an aircraft call for minimum wing 
displacement. 
One of the benefits of the present analysis is that the governing differential 
equations are derived from the static equilibrium equations for a beam deflected under 
static loads. It therefore lends itself to anti-symmetric analysis as simply as symmetric. 
The only difference being that Equation (15) takes a slightly different form [2]. 
However, once the stiffness elements, i.e. Ky's, are inserted into Equations (12-14), the 
solution for bending-type displacements becomes identical for both symmetric and anti-
symmetric box-beams. 
2.2 Determination of Stiffnesses 
As previously mentioned in Section 2.1, the elements of the Ky (box-beam 
stiffness) matrix are derived in the analytical model presented by Smith and Chopra [2]. 
Although bending, extension, torsion and shearing are derived using a Newtonian 
approach, special attention is given to the treatment of warping. The significance of out-
of-plane warping deformation is due to the variation in wall stiffness over the cross-
section. 
In addition to warping, the Smith and Chopra model also captures the effects of 
transverse shear deformation on the cross-section. Although cross-sectional shear is 
considered significant, the model does neglect transverse shear of the beam walls, 
consistent with thin-walled laminate methods. Another powerful element of the Smith-
23 
Chopra structural model is the ability to capture the two-dimensional anisotropic elastic 
behavior of the walls in one-dimensional beam theory. 
The following displacement equations are assumed to describe the cross-sectional 
deformation of the beam: 
U = u(xy
 n(v' (x) - y°xy (x))- C(w' (x) - r°a (x))- ty (x) 
V = v(x)-&(x) 
W = w(x)-rj<f>{x) 
(19) 
(20) 
(21) 
Strains are determined by differentiating these displacement terms. Here 
transverse shear strains are considered negligible in the vertical walls 
£„=u>-tJ(v"-r:;)-£{w"-y°X2')-Ap 
s
*c = 
( dX 
v— + r 
(22) 
(23) 
and in the horizontal walls 
^=M•-7(v"-r;,)-^k-r:,)-^" 
SXJ] ~ " 
' dX\ 
d?j +r. xy 
(22) 
(24) 
The elastic constitutive relations for the box-beam are: 
&XX 
CTyy 
?XY . 
> = 
a. 
0.2 
0,6 
0,2 
022 
026 
016 
026 
066 
£ 
< £ 
6T 
w 
(25) 
Note that the subscript y corresponds to r| in the horizontal walls and C, in the vertical 
walls. To remain consistent with beam theory, the following conditions are imposed. 
\\(Jyy?jdA=0 
^<TyyCdA=0 
(26a) 
(26b) 
(26c) 
Equation (26a) states that the net in-plane force equals zero. Equations (26b) and 
(26c) state that in-plane bending moments are equal to zero. The transverse in-plane 
strain, Syy, is determined by satisfying Equations (26a - 26c) and is written in general 
form as a continuous function within the cross-section. 
s y y = ^ , M ' + T v „ v " + 4 ' w . . W " + ^ . ^ , + ^ , r l , + T ^ ' + ^ „ ^ (27) 
where ^ = ao + ain + a^, 
Tv.,= bo + b,7i + b 2 ; 
HV = co + cm + C2S 
etc. 
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The constants a^ ai, a2 etc. are found by imposing Equations (26a - 26c). The 
solution for ao is demonstrated below by way of example. 
From (27) for the vertical walls: 
e« = (ao + am + a2Q w' + (b0 + bm + b2Q(v" y%') + (c0 + cm + c2Q( w" -
r^ t ) + (do + dm+d2Q^+(eo + em+e2Q^+(f0 + fm+f2QK7 + (fo + 
fm + fiQr 
*c 
(28) 
and 
^=MU< -T\(v"-y°XTl<)-C,(w" y0x^)-Xf 
SxC~-
£xT| 
77 'f+r° 
*< 
r
c~\'+r° d£ XTJ 
(29) 
(30) 
(31) 
From Equation (25): 
<*« = 0 12 * a + 0 22 f «• + 0 26 * ^ (32) 
Applying relation (26): 
"12 [ u' -n(v" - r;„')-(&W - y°x(')-Xp]dA + 
22 [(ao + am + a2Q «' + (b0 + b,n + b2Q( v" - y%') + (c0 + e n + c2Q( w" 
y°xi') + (do + d,n + d 2 Q ^ + (e0 + e,^ + e&F + (f0 + f,n + f2Qy°xn + (f0 
+ fiTi + f2Qy- ]dA + 
26 7" 
5A f+r« dA = 0 (33) 
Examining coefficients of w' yields the result 
12 dA + ao 11022 = 0 or, 
\\Q12dA 
(34) 
All other coefficients are determined in a similar manner. A comprehensive list 
of coefficients is listed in Appendix A. Similarly, zm is determined following the same 
procedures. Once the in-plane strain function is defined in terms of these coefficients, Syy 
is removed from the constitutive equations by substitution. 
After elimination of Syy, the strain-displacement relations are substituted into the 
constitutive equations. Forces and moments acting on the cross-section are related to the 
stresses in the beam walls by the following equilibrium equations: 
Qy= jf^dA 
QZ= W^dA 
T-JJ d;0 CT
^- e+ 
dl_ 
dri 
crr„ dA + dx [H XadA 
M z = - J J <r„^i4. 
(35) 
(36) 
(37) 
(38) 
(39) 
(40) 
At this point, the overall box-beam stiffness is ready to be defined. The 
governing equation for the elastic behavior of the composite box-beam is 
F =Kx (41) 
where, 
F 
a 
T 
My 
M, 
and 
w"-y" ^
 
1 xri . 
(42,43) 
Again, the specific elements of the Ky matrix are defined in Appendix A. 
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Inspection of Appendix A shows the warping parameter P as a coefficient 
multiplier for torsion related coefficients. To determine p, the warping function along the 
cross-section contour in defined as: 
(S A 
V o A 
(44) 
For a box-beam, A = cd. Other parameters are defined as: 
s-\- ds 
G(s)t(s) and * - = J - ds G(s)t(s) 
where AoS is the area swept out by a generator form s=0 to s=s on the contour surface. 
The generator originates at the box-beam's geometric center. These equations are not 
solved explicitly due to the fact that, for thin walled beams, the warping function A,(s) can 
be simplified to the two-dimensional cross-sectional form 
A.(T,,Q = P T ^ (45) 
To determine the value of p, an effective in-plane shear stiffness is specified. 
Each wall of the box-beam is considered to be a laminated plate (y = r\ or Q. The 
relations between the in-plane stresses and strains are given by 
N 
N 
yy 
*y 
A l ^\2 ^16 
Al2 A22 A26 
^ 1 6 ^ 2 6 ^ 6 6 
< 
^xx 
£yy 
s
*y. 
(46a) 
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and 
# of plies 
7^") A
u " 2 J Qy lpiy (46b) 
n = \ 
The elements of the stiffness matrix Q can be found in any text dealing with the 
mechanical behavior of composite lamina such as Reference [18]. 
If Nyy is assumed to be negligible, Equation (46a) reduces to 
A' = 
A„- (42) 2 \ 
x22 J 
A16 
A Al2A26 
*16 A 22 J 
Ae-
AnA26 
2^2 J 
(A26y] 
^ 2 2 >_ 
= 
A1 Ay 
Ay Ay 
^ 1 6 A 66 
(47) 
Since Gv « — 
-1 
N 
from Equation (47): 
G =• 4*'-, Ov) n x66 
4.' J 
(48) 
For a final solution of X(r\,Q form Equation (45), p is given by the relation 
B = -\ £ where a= — 
^ (1 + a) U 
' " V G A 
v'w V G W 
(49a,b) 
Reference [2] demonstrates the importance of this warping function. By 
comparing the tip twist under tip bending loads for varying ply angles, Reference [2] 
shows a dramatic correlation improvement by including the warping parameter. 
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Chapter 3. SOLUTION PROCEDURES 
3.1 Beam Deflection Due to Vertical Loading 
From (18), assuming external applied torques to be zero (pure lift): 
ay
 = K46 d3v K45 d'w 
dx2 Ku dx3 K^ dx3 
Then differentiating with respect to x yields: 
d3</>
 = K46 d\ K45 d4w 
dx Ku dx Ku dx 
(50) 
Substituting (50) into (16) and (17) gives: 
K«-K« 
2 \ 
^55 K 
d4W
 | K45K46 ^V p = ( ) 
44 J dx KM dx 
(51) 
^ 6 6 + -
K 46 
2
 ^ d4v K45K46 d4w 
K 44 J dx K44 dx 
~Py =0 . 4 ' f (52) 
Rearranging Equation (52) yields 
d \ 
dx4 
K 44 
\^K44K66 + K46 j 
Py + 
K45K46 d w 
KAAKA<- + K V i V 44 i V 66 ^ 1 V 4 6 J dx
A (53) 
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Substituting (53) into (51) and assuming pY=0 (pure lift) yields 
^ 4 4 ^ 5 5 ~ K45 _ ^ 4 5 ^ 4 6 
K 44 K4iK66+K44K46 
d^w_ 
dx' 
(54) 
This equation has the form of the well-known elastic curve equation described for 
isotropic beams: 
EI-—=-a)(x), 
dx 
where EI is the bending stiffness of a beam and to(x) is the distributed applied load per 
unit length of the beam. Replacing EI with the " K" term in parenthesis in Equation 
(54) and - co(x) with Pz gives 
K
*'
::
 dx4 (55) 
Here Keff zz is the effective bending stiffness in the z-direction, and 
K 
_ K44K55 -K45 K45 K4(> 
eff,zz K 44 ^ 4 4 ^ 6 6 + ^ 4 4 ^ 4 6 
(56) 
It should be noted that when ply angles of orientation are 0 or 90 degrees (i.e. 
K45 = K46 =0, and no torsion or cross-sectional warping occurs), Equation (56) reduces to 
K55, the span-wise bending slope. 
Once the deflection function w(x) is determined from Equation (55), the 
deflection function (/>(x) can be explicitly solved. An example of this solution is 
presented in Chapter 5. 
3.2 Beam Deflection Due to Horizontal Loading 
Deflection under drag-type loading is formulated in the same manner as lift-type 
deflection from Section 3.1. 
From (51) 
KUK55 ~KA5 
therefore, 
d4w^ K44 K45K46 d4v 
dx K44K55 -K45 K44K55 -K45 dx 
Substituting (57) into (52) and assuming no applied loads in the z-direction: 
d4w 
dx4 Ku dx4 z 
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^ 4 4 ^ 6 6 + ^ 4 6 K45 K46 
K 44 ^ 4 4 ^ 5 5 ^ 4 4 ^ 4 5 
d4v 
dx4 = P. 
or 
A: ^ - P 
eff
°™ dx4 ~ y-
(58) 
Here Kejfvv is the effective bending stiffiiess in the y-direction and 
v = ^ 4 4 ^ 6 6 + ^ 4 6 
K + 
^ 4 5 ^ 4 6 
44 ^ 4 4 ^ 5 5 " ^ 4 4 ^ 4 5 
(59) 
Again note that if 9 = 0 or 90 degrees for all lamina, Keff reduces to K66, the chord 
wise bending stiffiiess. Equations (58) and (59) can now be manipulated to find the 
beam's bending slope or to solve directly for deflection as in Chapter 5. 
Chapter 4 VALIDATION OF ANALYSIS 
4.1 Beam Slope Under Loading 
It can be seen from Appendix A that the formulation of Ky is a difficult and 
cumbersome process to perform by hand, so a computer program is relied upon for these 
computations. To ensure the validity of the program, the output will be compared to 
previously published results. 
In Reference [2], curves for bending slopes — I of cantilevered box-beams 
dx 
under transverse tip-loading with given geometry and material properties are presented. 
If these curves can be reproduced with computed Ky's, using equations developed earlier 
in this analysis, the validity of the computer program and the previous equations can be 
established. 
Figure 5 shows the test apparatus used in Reference [2]. To compare the previous 
analysis with that of Reference [2], the previous equations are altered to conform to the 
forces and boundary conditions of Figure 6. 
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Lood for 
"Torsion 
Figure 5. Test Apparatus from Reference [2]. 
Figure 6 represents a cantilevered composite box-beam under a transverse tip-load 
of 1 pound. 
Cantilevered Box-Beam 
i 
i 
A >x 
Free-Body Diagram 
r 1 
M y f e 
•|+(L-X)-W 
Figure 6. Cantilevered Box-Beam under Transverse Tip-Loading with Free Body Diagram. 
Now Equation (24) can be applied to the specific test case as follows: 
The boundary conditions are 
@
 x = 0: w = 0 , — =0 
dx 
From static equilibrium, S M y = 0 , therefore, 
MY-P(L-x) = 0 or MY=P(L-x) 
From solid mechanics 
My = EI^=P(L- X) 
Y
 dx2 K ' 
where EI is the beam stif&ess in the z-direction. Replacing EI with the composite box-
beam stiffiiess gives: 
*„£-«.-*). 
dw Solving for the bending slope — 
dx 
^ = - J - / > ( i - * ) 
and 
— =-J— {P(L-x)dx + C} —> Sw 1 dx K 
eff dx K eff 
PLx Px 
2 A 
+ C, 
Applying boundary conditions, when x = 0, = 0 andCj = 0, 
dx 
dw 1 
dx K 
*#,-
PZx- Px 
2 \ 
(60) 
This is the equation of a box-beam's bending slope with length L, stiffness Keffz, at any 
position x along it's length. 
4.2 Comparison with Previously Published Results 
The geometric properties used in Reference [2] and herein are presented in 
Table 1 and material properties are listed in Table 2. 
Table 1. Geometric Properties. 
Dimensions (inches) 
L (length) 
d (cross-section width) 
c (cross-section height) 
Ply Thickness 
Wall Thickness (6 ply) 
L/d = 56 
30 
0.537 
0.953 
0.005 
0.030 
L/d = 29 
30 
1.025 
2.060 
0.005 
0.030 
Table 2. Material Properties. 
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Material Properties 
EL (msi) 
ET (msi) 
GLT (msi) 
ULT 
20.59 
1.42 
0.87 
0.42 
Where 
EL = the elastic modulus in the length-wise direction 
ET = the elastic modulus in the transverse direction 
GLT = the in-plane shear modulus 
D LT = Poisson's ratio. 
These values, along with the various ply orientations, are used to calculate Keff2. 
The value of Keff z is then plugged into (60) to generate the following comparisons with 
previously published results 
2. 
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Figure 9. Comparison of Presented Analysis with Previously Published Results for a (0/30)3 
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It can be seen in Figures 7 through 9 that the results of the presented analysis are 
in good agreement with those from Reference [2]. However, slight discrepancies exist 
between the present analysis and Reference [2] in Figures 8 and 9. This is understood 
when it is considered that all non-linear terms have been discarded from Equations (16-
18). The addition of these terms would have the effect of increasing computed 
deflection. 
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4.3 Deflection Versus Ply Orientation 
In addition to comparisons with previously published data, it is also useful to 
examine the bending properties of box-beams with different angles of ply orientation. 
Figure 10 demonstrates bending dependence on angular orientation. This graph was 
generated for a cantilevered box-beam symmetrically laminated with four carbon 
fiber/epoxy layers of the same angular orientation. It was further assumed that the beam 
geometry was 30.0 in x 2.0 in x 1.0 in, subjected to a transverse tip load of one pound. 
Figure 10 shows maximum tip deflection of the beam versus ply orientation with 
respect to the x-axis. To determine the maximum deflection, equation (60) must again be 
integrated with respect to length. From (60), 
dw 1 
dx K ejf.z 
PLx Px 
2 \ 
- > 
w(x) = 
K 
ejf,= Jf PLx Px 
2 \ 
dx + C, 
Applying boundary conditions; when x =0, w(x) = 0 andC2 = 0; therefore, 
w(x) = 
K <#.-
fPLx2 Px3^ 
, 2 6 , 
(61) 
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Figure 10. Maximum Tip Deflection versus Ply Angle of Orientation. 
Figure (10) demonstrates what could be expected from varying ply orientation 
under loading. When the fibers are arranged axially, the beam exhibits minimum 
deflection. However, by increasing the angle of orientation the tip deflection increases. 
4.4 Experimental Validation 
Although Figures 7-9 compare the present analysis with experimentation 
performed in Reference [2], it was desired to further test its validity by constructing a 
composite box-beam and subjecting it to tip-deflection loading. The construction of the 
beam proved to be exceedingly difficult. Several failed attempts were made by building 
up the sides of the beam and affixing them together. Finally a good quality specimen was 
produced by cutting a rectangular solid core from blue foam to the proper dimensions, 
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rolling pre-impregnated carbon fiber around the core, and vacuum bagging the beam 
during full cure. This beam is shown in Figure 11. 
rolling pre-impregnated carbon fiber around the core, and vacuum bagging the beam 
during full cure. This beam is shown in Figure 11. 
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Chapter 5 SAMPLE SOLUTION UNDER COMBINED LOADING 
Recall from Chapter 1 that the Differential Equations of Motion were derived 
using Px, Py, Pz as inertial forces acting on a differential element. From here forward, 
these forces have been replaced with applied loads acting on the element. Note that 
inertial and applied loads have identical units in this application, force per unit length. 
Consider a composite box-beam with material and geometric properties defined as 
follows: 
Length = 40 in. 
Width = 4 in. 
Height = 2 in. 
EL* = 20.59 (msi) 
Er= 1.42 (msi) 
GLT* = 0.87 (msi) 
DLT' = 0.42 
Ply thickness = 0.005 in. 
Beam lay-up = (0/15)4 symmetrically laminated top and bottom. 
(0/15)4 sides. 
* carbon fiber/epoxy 
Furthermore, consider a spanwise lifting distribution of 
coL(x) = Vl-.000625x2 k (lb/in). (62) 
Note that this lifting function has the form of a quarter-ellipse, which has a maximum 
value of 1 lb/in at the beam root and falls to zero at the tip. This type of elliptical 
distribution is considered a good approximation for wing-type vertical force distributions 
[4]. 
The horizontal or "drag" function is assumed to be 
coD(x) = .15 /(lb/in) (63) 
Note that the horizontal loading is constant along the beam's length. This type of 
constant horizontal loading is consistent with drag loading on a wing with a constant 
chord length along its span. 
5.1 Lift-Type Deflection 
As in Section 4, substituting Equation (53) into (51) and leaving in PY yields 
^44^55 ~ ^45 ^45~^46 
K 44 ^ 4 4 ^ 6 6 + ^ 4 4 ^ 4 6 
d4w _
 p K45K46 p 
dx4 z K44K^K42 Y 
(64) 
or 
d4w l K. pz _ _J^5L Py f 
dx Kpff _ K k#,- < # • - ' 
(65) 
where 
^ 
+ 
K45 K46 
44 ^44 ^66 + ^ 4 4 ^ 4 6 
(56) 
K ^45^46 
^44^66 + ^46 
(66) 
/> = Vl-.000625x2 £ (lbs/in) (67) 
Py=.15 y (lbs/in). (68) 
Assuming the beam to be cantilevered, the boundary conditions are 
dw @
 x = 0:w = 0, =0 
dx 
d2w d3w 
@x = l:—— = 0 , — — 0 . dx dx 
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Entering the beam's geometry into the Ky program, the constants were determined to be 
KeJfZ2 = 6.2039 xl06lb-in2 
and 
Keff:v = -2.890 xl05lb-in2 
Equation (65) is integrated four times using Maple V® and boundary conditions are 
applied. Note that only terms with vertical components are kept during integration: 
w(x)= .3373xl0- I 0(l600-x2)^-.6746xl0-6(l600-x2)^ + 
.0006476* • arcsin(.025x)+.04893Vl - .000625*2 + 
.5397xl0^x3arcsin(.025x)+.7196xl0-5x2Vl-.000625x2 
When w(x) is evaluated at x=40 in., the vertical tip deflection is found to be 
w(x)max = 10.0949 in. 
5.2 Drag-Type Deflection 
As in Section 5.1, substituting Equation (51) into (52) and leaving in Pz 
^44^66 +K4 6 K45 K46 
KA •44 K^ Kss -K44K45 
^
V
 _ p ^45^46 p 
dx4 y K^+K,.2 =' M5 
(69) 
or 
d\ 
dx4 K y K„ eff.yy 'eff,yy 
(70) 
where 
IT = -^44-^66 ~ - ^ 4 6 ^ 4 5 ^ 4 6 
^<€,yy V + „ 2 „ . „ „ 2 K 44 K^ K55 +K44K45 
(59) 
K ^ 4 5 ^ 4 6 
^ 4 4 - ^ 5 5 + ^ 4 5 
(71) 
P = Vl- .000625* 2 * (lbs/in) 
/>= 15 y (lbs/in). 
(72) 
(73) 
Again assuming the beam to be cantilevered, the boundary conditions are 
@
 x = 0: v = 0 , — - 0 
dx 
@ x = / : — = 0 , - ^ = 0 . 
dx dx 
Entering the beam's geometry into the Ky program, the constants were determined to be: 
Keffyy = 1.9251 xl07lb-in2 
Keffyz= -0.0800 xl07lb-in2. 
Again equation (70) is integrated four times using Maple VR and boundary conditions are 
applied. Note that only terms with horizontal components are kept during integration: 
v(x)=. 32467 x l 0 - y ; c \ 
When v(x) is evaluated at x=40 in., the maximum horizontal displacement is found to be 
v(x)max = 10.000831 in 
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5.3 Torsional Deflection 
From Equation (18), assuming no applied external torques, 
a y = K46 d3v K45 d3w 
dx2 ~ K44 dx3 Ku dx3 
Using Maple V® integrations of — - — - and — - , Equation (74) 
dx dx dx dx 
to yield 
*1±= £iL(.7792xlO-8x)-
dx2 K^ V ' 
K. 
K« 
2- (.2024x 10-8 Wl600-x 2 + .3238x 10'5 JC• arcsin(.025x)J. 
Boundary conditions are determined to be 
@x=0, 0(x) = O, | f = 0 . 
dx 
Equation (75) is then integrated twice using Maple V® and boundary conditions are 
applied to yield: 
^(x) = .9331xl0"9 x3 + .1207xl0~9 x( l600-x2)^ 
- .8692 x 10"6xVl600-x2 - .0004636arcsin(.025x) 
. 1159x 10~5 x2 arcsin(.025x)-.0000232x^1 -.000625x2 . (76) 
When </) (x) is evaluated at x=40 in., the maximum torsional displacement is found to be 
4Hx)max= 1-0.00358 rad| or [0.205 de^. 
In other words, under the prescribed steady state loading, the tip of the box-beam 
deflects 0.0949 inches vertically, 0.000831 inches horizontally, and pitches 0.003581 rad 
leading edge down. This is a very important consequence of symmetric lamination, as 
well as the coupling between layers. It can be seen from the previous example that 
composite beams (box-beams in this case) lend themselves to aero-elastic tailoring: 
specifying lamina geometry to elicit an expected physical response under predicted 
aerodynamic loading. 
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In the previous example, the beam was subjected to wing-type loading. This 
loading would have caused a wing with the composite box-beam as a structural support to 
bend up, back, and to pitch nose down. As can be clearly seen, the higher the loading, 
the more the wing will nose pitch down. Under extreme loading conditions such as 
experiencing turbulence or lake-off and landing, the wing could be designed to pitch 
leading edge down into the free-stream, mitigating flow separation on its upper surface 
and possibly preempting a stall. This is a typical example of a beam whose geometric 
properties have been specified to take advantage of the aero-elastic properties of 
composites. 
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Chapter 6. CONCLUSIONS 
Due to the increasing use of closed section composite beams in aerospace 
structures, it is extremely desirable to develop equations that describe the behavior of 
such beams under loading. The analysis presented herein is a linearized combination of 
the differential equations of motion and the Kl} stiffness matrix for arbitrarily laminated 
composite box-beams. 
A generalized MATLAB® program using summation integration has been 
developed to compute the K,j elements, and these elements have been applied to the 
differential equations of motion of the beam. The governing Equations (16-18) take into 
account the vertical displacement w(x), the horizontal displacement v(x), and the 
torsional displacement (|>(x). By specifying appropriate boundary conditions for the beam 
in question, these equations can be integrated (such as presented in Chapters 4 and 5) to 
solve for the combined deflection functions w(x), v(x) and (|)(x). 
Chapter 4 presents several validation techniques for the presented analysis. First, 
bending slope versus spanwise coordinate curves were generated and compared with 
previously published results. Secondly, a deflection versus lamina angle curve was 
generated by the presented analysis to demonstrate the expected trend of increased 
bending with increasing ply angles from the x-axis. Thirdly, a composite box-beam of 
known geometry was constructed and subjected to incremental loading. This deflection 
versus load curve was then compared to the theoretical curve produced by the present 
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analysis. In both the first and third cases, the theoretical values matched closely the 
empirical values. 
In both cases the theoretical results exhibited lower deflection values than 
empirical results. This is understood when it is considered that the non-linear terms were 
dropped from Equations (12-14). However, since the present analysis is intended for 
solutions under wing-type loading, small deflections allow for discarding of the non-
linear terms in Equations (12-14). The tradeoff for this decrease in accuracy is a dramatic 
increase is ease of solution, as equations (16-18) are linear differential equations. 
Therefore, the present model provides an excellent method for preliminary design 
analysis for aircraft wings supported by composite box beams. It should also be noted 
here that, due to its simplicity, the presented analysis lends itself quite well to dynamic 
modeling such as free and random vibration, natural frequency analysis, aeroelastic 
tailoring, and optimization techniques. 
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Appendix A 
Elements of Box-Beam Stiffness Matrix K 
Kn = axial stiffness 
K12 = extension-chordwise shear coupling stiffness 
K13 = extension-spanwise shear coupling stiffness 
KM = extension-torsion coupling stiffness 
K22 = chordwise shear stiffness 
K25 = spanwise bending-chordwise shear coupling stiffness 
K33 = spanwise shear stiffness 
K36 = chordwise bending-spanwise shear coupling stiffiiess 
K44 = torsional stiffiiess 
K45 = spanwise bending-torsion coupling stiffiiess 
K46 = chordwise bending-torsion coupling stiffiiess 
K55 = spanwise bending stiffiiess 
K^ 6 = chordwise bending stiffness 
The term Q is defined in Appendix B. 
Ku = \[vQudA + a0\[Q]2dA 
Kn = \[Ql6dA + fQ\lQudA 
Kn = \[&6dA + g,\[QndA 
^ 4 = - ( l - / ? ) j { e i 6 ^ + ( l - ^ ) j j e i 6 7 ^ +</0 j ] y QndA 
K22 = l[Q66dA + f0\[Q26dA 
K25 = \[Q]6^ + f2\lQ26dA 
K36 = l[Q]6ridA + g}llQndA 
Ku =(1 + pf \[ QnfdA+Q - P? HOurfdA 
+ d0 (1 - p) \[ Q26rjdA -d0(l + P) | | Q2£dA 
+ d](l-p)JlQ26Tj2dA-d2(\ + P)(lQ2^2dA 
K<s =(\ + P)j[Ql6C2d4-d2 \[ QnCdA 
K46=-(\-P)JlQX6?12dA-dl\lvQl2Tj2dA 
K55 = \[QnC2dA-c2\[ Ql2C2dA 
K« = ft QrfdA-btll&rfdA 
The coefficients are defined as follows 
b^H^QntfdAlllQ^dA 
c2 = llQl2C2dA/HvQ22C2dA 
d0 = [(1 + P) ll Q^dA-(\ - P) Hv Q26tjdA j / | | v Q22dA 
d} =-{\-P)HQ26Ti2dA I l[v Q22rj2dA 
</,=(! + P) ll Q26C2dA 11| y Q21fdA 
fo=-HQ26dA/l[Q22dA 
f2=-H&eCdA/HQ22t2dA 
So=~ H&edA/ HQ22dA 
S , = - IJa6>7 dAI llQ22rj2dA 
Appendix B 
Qu =QU cos4 0 + 2(Qn +2Q66)sin2 0cos2 0 + Q22 sin4 0 
& 2 K 0 , , + 0 2 2 - 4 0 6 6 ) s i n 2 0 c o s 2 0 + 21 2(sin40 + cos40) 
Q22 =Qn sin4 9+ 2{QX2 + 2£6 6)sin2 0cos2 9 + g22 c ° s 4 0 
0,6 = (0n -0 ,2 -2£ 6 6 )s in0cos 3 0 + (£12 -622 + 206 6)s in3 0 + cos0) 
Q26 = (0,i - Qn ~ 2^66) sin 3 0 cos 0 + (Q12-Q22+ 20 6 6 ) sin 0 + cos 0) 
066 = (0n + 022 - 20,2 " 206 6) sin2 0 cos2 0 + 066 (sin4 0 + cos4 0) 
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